
Modular forms talk I

Def : a groupM. I is
a lice of there

-

exists o I-basis of M that is an IR-basis
of I

.

M

-
&

We're interested in R
,

the set of all lattices.

M := [(w ,

W
- )ec

*

x(" : In (i) 30]
(Note : W

.
= (t) · Wr . Im ) 0 &

W,

~
wa

We have a map
M- &,

10
,,
w
. ) it Ew ,

o LW
,
=: Tw
,
wel

that is surj.

↳" ruc(e"M) by
X . ↑ = XT(X (0

,
W
.
) = (x0
,XWi))



Example :

2
We can remove redundancy by normalising :
↑ (W
,,Wh)tMW ,

W)=
n0

O

&

↓:~
6

⑳
&

Thus
,
M/(" =C H : = Sze : Im(z) >07,

↑ (W
,
W)i ,) W

If ( * ) = Sh(t) ,

(2) = () (w) = Lawn
is also a F-basis of M(W

, (2) .



If Z : = Wo and:= the

Zurigaz
Emma : Im (g . z)=p
Proof :

g=
=
actz +adz + bcz +bd

zach/ = 1

-

=z + (ad +baRez)tbd) + (ad-bcm
A

Prop : For two elements of M to define the
same lattice it is necessary and sufficient
that they areorg. wod . SL(L) .

The map
M/e * -H

,

(w
,
wil

We

transforms the action of St(I) on



M into

9. z=, ge(es(t)
in H.

Pop : The map (W
,(2) gives by

passing to the quotient , a bijection of

&/ * auto Ha.

51 The modular group
Since (1 % ) · z=o = z(-Id acts

trivially)
,

we consider thelar group
G : = PSLz(() = SLz(t)/9113

to be acting on H.
(ii) = (i

-

1).

1
. 2 Fundamental domain

Devote S := (ii)
,

T : = ( !l ) and vote

S : z=, T

. z = z+ 1

S2 = 1
,
(st)3 = 1

.



Define DEH to be the set of all zelt such that
IE121 and -t = Rele) < .

T . z = z+ 1
-

p:pot ① S . z = -E
: Lig

- j :·
-- 0

Entration : TED represents P
:LIET

This equals -(2+ 1) # I , and is

homothetic to

↳ ot = -(2) .

Theorem: (1) For every zet, the exist
ta

g
. zeD

.

and E
,
ZED

I
12) Suppose zFz N are cong. God..

G
.
Ther,

Re(z) = It and Z = z 11
,
or 121 = I

and z1 = - E S

(3) Let zeD ach I(z) : = Eged/g · z = z] . Then
,

[(z) = 213 except if :

Z = i
,

where I/E) = <37 11/22
,



z = p = ei13 where I/E) : <STL =TL/3
&

Hi/3
z = -j = e ,

where IIE) = 2TS] = /32
·

↳: The canonical map D -> #/
is surj . and its restriction to the
interior of D is inj.

Thoem2 : G is generated by S and
T

.

·ot : (Thu 1 111] Denote G := <S ,+] <G .

Let zeH . Want gltGI such that glzeD.
If g = (2)

,

recall

Im (g . z) : Full2
The number of pairs (c , d) such that (ztd) is

less than a given number is finite

-
there exists gEC' such that Im (g · z) is

maximised. We can translate g
.z left or

right to get T"g . z to have real part
betweenE ach E .

We claim z= Tig . zeD,



it suffices to chuck 12 12 1
·
If I

1,
the element - E would have imaglary
part strictly larger than Im(E) = Em (goz) ,
a contradiction

.

[thm I , (2) & /31] Suppose z = g . z for some

g
= (ab(ESL

,
(7)

,

and z
,
zeD

.

We must show either ZFZ and we're in one

of the cases of (2)
,
or z = z' and g

lies in one of the stabilises in 13) .

!Li
Without loss of generality, assume

Im (g -z) == I Im (z1
Therefore,#+ d 1 1 .

-



Cases :

,
zeDns'
② z = -jS S SC = 1) c = 1

d = 0 d =1 d
= FI

① g = (b) , ad-b = 1 = a=

=
a = d = 11

z= = z =

If z'ED
,
we must have Relz) = 12 and b = 11

or b = 0.

② g =( ? ) , ad-bc = 1 = a - b = 1
.

z=
= a + p

If z = z = p , then a =0 and
g = /9, it
= ST

.

If z'Fz
,

then a= l ad z= z+ 1 .

[Thm 2] Let gEG .

Choose zo in the interior

of D (say zo = zi)
,

and let z :=
g
: zo

-

We know there exists gitd = <S,Th such



that g' . zeD . The
,

to and go z =glg . z

are cong , mod
.

G and both lie in D
.

Since to is in the interior
,
(2) ach 151

imply they coincide and that glg = 1.
Hence

, g
= (g)"e2' = [S ,T) I

Setascomments(details
need ceilinga

gp(z)=+/- E )
.

/P .

If opt + w) = op(z)
for all Wet

, op defines

a function on E .

9 -> 42
= (op(z)

, op'(z)) = (x , 2)

y2 =4x3 - gzx - g3



Modular forms talk 2

Def : Let GEL . We say
f is weakly modularof

weight /or-2h , or h) if f is mero.

auch

(2) F( = (z+df(z) for all

(2) = Sh(X)
.

Ne : (2) is equivalent to

(4) f(z + 1) = f(z) , and

15) f(-1(z) = z2f(z)
,

sinceG = < S
,
T]

There is a change of variables B
, (0)1903
= eliz
= -Lity

Litic

y> 0
-i

The fact that f(z+ 1) = fzl means that I can be written

as a f" of g ,
which we denote F(g) ·

I
is mero

.

on the punctured .

We
say of is

mero . (holo . ) at a if I extends to a

mero . (2010 . ) I"at O
,

i . e
.,
if on a



abletofzaa
where an = 0 for alla suff

.

small (n<0) .

Def : A weakly modular function is calleda
of it is mero

.

at 8

Iff is holo , at 8
, f(s) : = E (0) -

Def : AdaformisamoduleAn whethe
f is called a cusp-for.

Therefore
,
a modular form of weight ie is a series

2Tinz
F(z) =Zan =e

converging for 191 1 (i . e
.,
Im(z) 20)

verifying
f) - 1(z) = z2f(z) .
It is a cusp form ifao = 0.

Example: 11-gug'4 is a cusp form of

weight 12.



2
. 2 Latticef's & modularis
Recall

&: = Elattices in3
,

M : = E(W ,Wh)eC**&: Imko]
If F on & and GET

,
we say

F is of weight23
if

(7) F(XT) = X-
*

F(N) for all MER and YE"
Write F(W

, (2) for the value of F or M/W,Was

(7) becomes
18) F(XW

, 1Wz) =
X-2 F(W

, Wi) .

F is invariant under the action of Stz(1) on M.
.

Subbing X=
19) we F(W

,

W) = F(i , 1) =: f(w)
Writing z: we have
f(z) = F(z

,
1) = F(az+ b , cz + d)

= ((z +d(24F(1)
(2)

= ((z + d)
-

2f(
Ther

,

(2) E)19)
,
and modular fis of weight

24 E) lattice is of weight 24.



2.3 Examples of modular &"s ; Eisenstein series

Let h > 1
,

and HER .
Define theEisenstein series

ofindexIn low it by

(10) Ga(N) : = rEgos Tur,
ov

(1) Gull
,

wal:=minw(m
,
n) + 10,0

on

(12) Gu(z) :=use .

(m
,n) +10,01

110) is clearly of weight 26.
.
Our prec discussion

implies (12) is weakly modular of weight 26.

-emma1 : Let NEC ·

The series

sa

-is convergent for 0 > 2.

Prof : Set
d := minG(0) : UtM50] , v := E .

Then the balls

Br(U)
,
VER190]

are non-overlapping.



%
If z < Br(Y)

,
Uto ,

(z) = (V + z - ul < (v) + r = (b)+ 2(8)

Then,

= To:
Integrating over Br(V) ,

=2o

& A.

Br(V)

Sunrigovero 29 TdA
UBr(1
870

= 25S &A
.

Iz1 = r

We justweed to check the RH integrat is finite :

art da=to m de do

[
=2- converges iff3 o - 131

ITi .o-2 A



Pop1 : Let k> 1
.
Gu(z) is a modular form of

weight 26 . We have Gu (d) = 2 3(24) · (66 !1

Prof : First
,

consider zeD :

Imz +u = m21z1 + zmuRe(z) + 42 p = eli/3
un w

2 I - E
2

= m - mu + n2 = (mp + 212
Then, Lemma

10,0minishImini 0 .

Therefore
,

Go converges absolutely& uniformly on

D so Gu is holo
.

on D
.

If zegD
,

z=
g

. z
&

for some zeD and the formula

Gu(z) = Gulg . z) = (cz +d)2Gu(z)
= (cgz+d(Gm(g + . z)

shows Am is holo
. on gD .

Then Gr is holo.

on H since the translations gD cover H.

To see by is holo
, at O

,

we need to show

the limit as Im(z) ->& of Guz) exists. The

uniform convergence
in D implies we can take the

limit term by term :

- Ga(z)=no+
neX ne [1903

um
= O



= 29(2k) . I
-

Relationwellpes : If W is a lati,here

splu)=+/ ) .
If x = Op(u) and y = Oplu) ,

there holds

y
2
= 4x

- g2x
-

93
,

where 92:= 6062
,

93 : = 140G3 .

therefore
, " is ison

,

to a cubic curve.

the Eisenstein series appear in the Laurent

expansion ofSopilal :

& (v)= (2kG() &

Moreover,
② E ①

3 2

- = 92 - 2793

is a modular form of weight 12.
.
One can

compute -10) = 0 (requires & values)
,

so

it is a cusp form . 1 is the discriminant

of 4x3-g2 * -gg up to a numerical factor.


